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Abstract 
The flow pattern in a two-dimensional lid-driven semi-circular cavity is analyzed based on multiple relaxation time 
lattice Boltzmann method (MRT LBM) in this paper. The Reynolds number ranges from 5000 to 50000. Numerical 
results show that, as Re increases, the flow in the cavity undergoes a complex transition (from steady to the periodic 
flow, and finally to the chaotic flow). The results demonstrate the superior numerical stability and wildly applicability 
of MRT model to high Reynolds number flow. 
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1. Introduction 
Lattice Boltzmann method with Bhatnagar-Gross-Krook collision model (LBGK) [1, 2], a derivative of 
lattice gas automata (LGA) method, has been successfully demonstrated to be an alternative numerical 
scheme to traditional numerical methods for solving partial differential equations and modeling physical 
systems, particularly for simulating fluid flows with the Navier-Stokes equations. In traditional numerical 
methods, the Navier-Stokes equations are solved by some specific numerical discretization. In contrast, 
the fundamental principle of lattice Boltzmann method is to construct a simplified molecular dynamic that 
incorporates the essential characteristics of the physical microscopic processes so that the macroscopic 
averaged properties obey the desired macroscopic equations. This microscopic approach in the lattice 
Boltzmann method incorporates several advantages of kinetic theory. It includes clear physical pictures, 
easy implementation of boundaries and fully parallel algorithms. LBGK model may experience numerical 
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instability to simulate elevated Reynolds number flow, when the relaxation time approaches one half. One 
remedy is to increase the grid density to alleviate the excessive reduction of the relaxation time. However, 
this practice would be impractical due to the substantial increase of the computational requirement. An 
alternative is to adopt the multiple-relaxation-time lattice Boltzmann model [3], which has been shown to 
produce stable solutions for flows at high Reynolds number [4, 5]. 
Numerical methods for two-dimensional incompressible Navier–Stokes equations are often tested for 
code validation, such as the lid-driven cavity flow, a very well-known benchmark problem [6–8]. 
However, fluid flows in a circular cavity have been less studied than those in a square cavity, even though 
the two flow patterns have geometric similarities, on account of the complex boundary conditions. For 
example, Glowinski et al. [9] employed an operator-splitting/finite elements method to handle fluid flow 
in a semi-circular cavity and captured the formation of primary, secondary and tertiary vortices and 
identified a Hopf bifurcation phenomenon around Re=6600. Ding et al. [10] and Yang et al. [11] 
simulated the 1/2 circular cavity flow by LBGK and presented solutions for Re=6600. 
In this paper, the two-dimensional driven semi-circular cavity flow at Reynolds numbers ranges from 
5000 to 50000 are simulated applying MRT LBM model to validate the scheme. 
2. General LBGK Model 
With respect to the assumption of artificial particles residing on lattices, the spatial and temporal 
discretization of the standard lattice BGK model is given as [12] 
( )1( , ) ( , ) [ ( , ) ( , )]eqi i i if t t t f t f t f tα α α α αδ δ τ+ + − = − −x e x x x
                                                                    (1) 
where α represents the lattice direction and τ denotes a relaxation factor. At each time t, we consider the 
particle distribution function fα(xi,t) located in lattice node xi  and moving with a lattice velocity eα.
In the discretized velocity space, the density ρ and momentum fluxes ρu are defined as particle velocity 
moments of the distribution function, 
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The speed of sound in this model is / 3sc c=  and the equation of state is that of an ideal gas, 
2
sp cρ=                                                                                                                                                   (3) 
The equilibrium distribution for D2Q9 model (Fig. 1) is of the form [13] 
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where αω  is the weighting factor given by 
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In general, Eq. (1) is solved in two steps: 
collision step: ( )1( , ) ( , ) [ ( , ) ( , )]eqi i i if t t f t f t f tα α α αδ τ+ = − −
 x x x x                                                                (6a) 
streaming step: ( , ) ( , )i if t t t f t tα α αδ δ δ+ + = +x e x                                                                                     (6b) 
where f represents the post-collision state. 
In order to derive the Navier-stokes equations from LBGK, the Chapman-Enskog expansion is used. 
The corresponding viscosity in the Navier-stokes equation derived from Eq. (1) is 
(2 1) 6ν τ= −                                                                                                                                           (7) 
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3. Multiple Relaxation Time Lattice Boltzmann Model 
d' Humières [3] presented a 2-D MRT lattice Boltzmann model for the 2-D lattice structure shown in 
Fig. 1. In this model, a new set of variables ,  ,  ,  ,  ,  ,  ,  ,  
T
x x y y xx xyR e j q j q p pρ ε⎡ ⎤= ⎣ ⎦ is introduced and R can 
be related to the column vector of [ ]0 1 2 3 4 5 6 7 8,  ,  ,  ,  ,  ,  ,  ,  TF f f f f f f f f f= as follows: 
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where M  is a 9×9 matrix transforming F  to R . In the column vector R , ρ  is the fluid density, ε  is 
related to the square of the energy e, jx and jy are the mass flux in two directions, qx and qy correspond to 
the energy flux in two directions, and pxx and pxy correspond to the diagonal and off-diagonal component 
of the viscous stress tensor. One immediate advantage of the MRT model is that macroscopic variables of 
interest can be obtained readily by simply performing the matrix multiplication M F  if F  is known. In 
addition, due to the conservation of mass and momentum before and after particle collision, the total mass 
and momentum should not relax at all. However, Eq. (6a) in standard LBGK method requires all if ’s are 
relaxed at the same rate and, hence, all macroscopic quantities of interest. Physically speaking, different 
physical modes should have different relaxation rates. By taking this into account in the MRT model, 
based on Eq. (6a), the collision procedure for �R  is performed as follows: 
� ( )eqR R S R R= − −                                                                                                                                   (9) 
where ∼  denotes the post-collision state, diag e j q j qS s s s s s s s s sρ ε ν ν⎡ ⎤= ⎣ ⎦ is the 9× 9
diagonal matrix. In S , 0js sρ = =  enforces mass and momentum conservation before and after collision. 
Note that the equilibrium values in �R  can be written as [14]  
2 2 2 2 2 22 3( ),  3( ),  ,  ,  ,  eq eq eq eq eq eqx y xx xye u v u v q u q v p u v p uvρ ε ρ= − + + = − + = − = − = − =                      (10) 
Before the streaming step, Eq. (6b), is performed, one needs to transform the post-collision values, �R ,
back to �F  by using Eq. (11) as 
� � 1  1 ( )eqF M R F M S R R
− −
= = − −                                                                                                           (11) 
Finally, the streaming step for all if ’s in the MRT model is performed exactly the same as in the 
standard LBGK model using Eq. (6b). 
Lallemand and Luo [14] have shown that the MRT model can reproduce the same viscosity as that by 
SRT model if we set 1sν τ= . Once this is decided, the rest of the relaxation parameters ( es , sε , qs  and sν )
for different physical modes can then be chosen more flexibly. In Reference [14], they recommended the 
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values to be slightly greater than unity. Finally, it is worthy to note that the MRT model reduces to the 
LBGK model by simply setting 1e qs s s sε ν τ= = = = .
4. Computation Domain and Boundary Condition 
The computation domain is shown in Fig. 2. The domain occupied by the fluid is the two-dimensional 
region of semi-circular space. The square grids with 512×256 lattice units are used at present simulation. 
The top wall moves from left to right with a uniform velocity U=0.1, and the velocities at all other nodes 
are set to zero. A uniform initial particle density is imposed with ρ=1.0. The second-order accuracy 
curved boundary conditions [15] are used at the walls, and the kinematic viscosity is ν=UL/Re, where L is 
the diameter of cavity. In the present simulation, se=1.05, sε=1.1, sq=1.25 are adopted. 
                        x
y
0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
Fig. 1 A 2-d 9-velocity lattice (d2q9) model                             Fig. 2 Wall-driven flow in a semi-circular cavity 
5. Simulation Results and Analysis 
5.1. Steady flow 
The stream lines distribution at Reynolds Number of 5000 and 6600 is shown in Fig. 3. The final 
steady state consists of three vortexes, meanwhile, secondary vortex and tertiary vortex develop at the 
bottom, and they grow pushing the main vortex to the right part of the cavity. 
(a) Re=5000                                                                                     (b) Re=6600 
Fig. 3 Streamline of steady flow for different Reynolds numbers.  
5.2. Periodic flow 
When Re is larger than a critical value, the state of lid-driven semi-circular cavity flow becomes time 
periodic. In order to get clear visualization of the periodic flow, we make tracks for a fixed point (x, y) = 
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(0.19043, 0.19043) with time. The time evolution of velocity u and the phase diagram on u-v plane are 
shown in Fig. 4. From this figure, it can be found that there is a periodic oscillation. 
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(a) Velocity u as a function of time step t of evolution.           (b) Phase-space trajectories of velocity u vs. v.
Fig. 4 Computational results at Re=7500. 
5.3. Chaotic flow 
When Re=50000, the flow states are neither steady nor time periodic, but become chaotic. In order to 
detect the presence of chaos in the flows, we also make tracks for the velocity u for the fixed point (x, y) = 
(0.19043, 0.19043) with time, and present the phase diagram on u-v plane (Fig. 5).We can see clearly that 
the movement of velocity u is chaotic. 
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(a) Velocity u as a function of time step t of evolution.           (b) Phase-space trajectories of velocity u vs. v.
Fig. 5 Computational results at Re=50000. 
6. Conclusion 
The flow pattern in a two-dimensional lid-driven semi-circular cavity is analyzed based on multiple 
relaxation time lattice Boltzmann method (MRT LBM) in this paper. The Reynolds number ranges from 
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5000 to 50000. Numerical results show that, as Re is increased, the flow in the cavity undergoes a 
complex transition (from steady to the periodic flow, and finally to the chaotic flow). The results 
demonstrate the superior numerical stability and wildly applicability of MRT model to different Reynolds 
number flow. 
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